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We study the test body circular orbits in a gravitational field of a static spherically symmetric
object in presence of a minimally coupled nonlinear scalar field. We generated a two-parametric
family of massless scalar field potentials and corresponding solutions of Einstein – scalar field equa-
tions in an analytic form. The results are presented by means of hypergeometric functions; they
describe either a naked singularity (NS) or a black hole (BH). We show that for the solutions found
there is always an unbounded region of stable circular orbits (SCO), which is qualitatively analogous
to the Schwarzschild BH case. Besides that, for a considerable range of the angular momenta and
parameters of the family, there can exist (as for the case of NS and BH) the other SCO region,
which is separated from the previous one by a ring of unstable circular orbits. We present another
solutions showing that analogous distribution of SCO can exist in case of a massive scalar field, also
for BH and NS cases.
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I. INTRODUCTION
Scalar field theories occupy a considerable sector in
gravitational physics [1, 2], especially in cosmology where
additional fields are extensively used to study the infla-
tionary era of early Universe, in dynamical models of
dark energy etc (see, e.g., [3–5] for a review and ref-
erences therein). There is no direct evidence that, at
present epoch, the scalar fields play some role in astro-
physical systems [1] and one might think that effects of
the cosmological fields must be negligible. Nevertheless,
since the early works [6, 7], it is well known that any
(arbitrarily small!) presence of a scalar field can cause a
cardinal change of the space-time topology in the vicin-
ity of a compact object. However, this as itself does not
mean the existence of significant observational effects.
The search for a smoking gun of scalar fields as well
as effects of alternative gravitation theories requires in-
vestigation of the geodesic structure associated with so-
lutions of the Einstein-scalar field equations and their
modifications. The very first steps involve of the test
body orbits around gravitating center (see, e.g., [8–15]
and references therein). It is well known that stable cir-
cular orbits (SCO) in Schwarzschild and Kerr black hole
space-times of General Relativity form a connected struc-
ture without gaps. A number of examples show that this
picture can be violated in presence of a naked singularity
(NS); discontinuous structures of SCO can arise in case
of charged and uncharged objects of General Relativity
[12–14], in case of a quadrupole source [15]. In presence
of scalar field, there also can exist disconnected regions
of SCO separated by a ring of unstable orbits [10]. The
result [10] concerns spherically symmetric space-times
∗ e-mail: valeryzhdanov@gmail.com
(with NS) and linear massless scalar fields . The ques-
tions arise, is NS necessary for the existence of such a
discontinuous structure? Can these structures occur in
scalar field black hole space-times?
The aim of our paper is to present examples with a
non-trivial self-interaction potential V (φ) of the scalar
field φ showing that
this disconnected structure of SCO can exist in the
black hole (BH) space-time, not only in presence of NS,
and
the potential V (φ) can describe either massless or mas-
sive scalar field.
Note that our black hole solutions discussed below in-
volve potentials that are negative in some regions, so they
do not contradict to the no-scalar-hair theorem [28].
The existence of the discontinuous structures is very
important as it may have relevance to accretion disks
around real astrophysical objects. Common ideas about
stellar mass BHs and supermassive BHs in active galactic
nuclei deal with a circular motion of a surrounding mat-
ter. Obviously, the consideration of an accretion disk
does not reduce only to an analysis of geodesics and a lot
of complicating factors must be taken into consideration:
the ionized gas pressure, turbulence, magnetic fields, ra-
diation etc (see, e.g. [16–18]). However, the presence of
an unstable orbits region, separating the regions of stable
ones, can hardly be changed by these factors. It is diffi-
cult to find reasons, which could destroy this separation,
leading to a gap in the accretion disk, even in presence
of an intricate physics.
Properties of inner parts of accretion disks in the
Galactic and extragalactic systems are studied by means
of the X-rays observations, including investigation of flu-
orescent iron lines in the X-ray spectra [17, 19–21]. If the
above gap in the accretion disk really exists, this could
affect the form of the lines. This may be of interest for
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2testing the relativistic gravitation theories.
In the present paper we study test-body orbits in static
spherically symmetric asymptotically flat space-times of
General Relativity in presence a non-linear scalar field
minimally coupled with gravity. In Section III we de-
rive general conditions for the appearance disconnected
structure of SCO. In Section IV we found a family of spe-
cial solutions to Einstein - scalar field equations, which
describe configurations with a positive mass. With this
aim we use a known method (see [22–26]) of generation
of special spherically symmetric solutions to these equa-
tions along with corresponding potentials. In this section
we deal with massless scalar fields. Investigation shows
the occurrence of the disconnected distribution of SCO,
both in case of BH and/or NS, for certain domain of the
family parameters. At the same time, the other choice of
the parameters ensures the absence of discontinuities in
the distribution. In Section V we show limits on the fam-
ily parameters which allow or prohibit the disconnected
structure of SCO in different situations. Section VI deals
with some generalizations including massive scalar field.
The results are summarized up in Section VII.
II. BASIC RELATIONS AND NOTATIONS
The metric of a static spherically symmetric space-time
can be written as
ds2 = A(x)dt2 −B(x)dx2 − r2(x)dO2, (1)
where dO2 = dθ2 + sin2(θ)dϕ2 and A > 0, B > 0 in a
static region. In case of the usual Schwarzschild coor-
dinates one can choose r as the radial variable yielding
ds2 = Adt2 −B(dx/dr)2dr2 − r2dO2. In this Section we
use essentially some of the results of [22, 24, 26]. Follow-
ing [22, 24, 26] we use the other choice of coordinates by
putting B = 1/A:
ds2 = A(x)dt2 − dx
2
A(x) − r
2(x)dO2, (2)
and we say that x0 is a point of center if r(x0) = 0 and
r(x) > 0 for x > x0.
We assume A(x), r(x) ∈ C(2), φ ∈ C(1),
r(x) = x+ o(1/x), r′(x) = 1 + o(1/x), (3)
and
A(x) = 1− 2m/x+ o(1/x), m > 0, (4)
as x→∞ specifying an asymptotically flat space-time of
an isolated system with positive total mass m. For the
scalar field we assume lim
x→∞φ(x) = 0.
The Einstein equations in presence of a self-interacting
minimally coupled scalar field φ can be derived from the
action functional
S = SGR +
∫
d4x
√
|g| [gµνφ,µφ,ν − 2V (φ)] , (5)
where SGR is the standard gravitational action of the
General Relativity (c = 8piG = 1), and V (φ) is a self-
interaction potential to be specified below. In case of
metric 2 this yields the following system
d
dx
(
dA
dx
r2
)
= −2r2V (φ), (6)
d2r
dx2
+ 12r
(
dφ
dx
)2
= 0, (7)
A
d2r2
dx2
− r2 d
2A
dx2
= 2. (8)
Variation of (5) with respect to φ yields one more equa-
tion, which is not independent from equations (6—8);
therefore, we do not write it.
From equation (7 it follows
d2r
dx2
≤ 0, dr
dx
≥ 1, (9)
whence the point of center x0 is a simple root.
Equation (8) can be written as
d
dx
[
r4
d
dx
(
A
r2
)]
= −2;
on account of (3) this yields
A(x) = r2(x)
∞∫
x
2x′ − C
r4(x′) dx
′ , (10)
where C is an integration constant.
Under conditions (3, 4), we derive C = 6m.
In view of (3, 6, 7) we get
φ(x) = ±
∞∫
x
√
−2
r
d2r
dx2
(11)
under supposition of the integral convergence.
Owing to (6) the potential V (x) ≡ V (φ(x)) can be
expressed by means of r(x):
V (x) = 1
r2
− A
r2
(
3 (r′)2 + rr′′
)
+ 2x− 3m
r3
dr
dx
. (12)
Equations (10,11,12) represent a general solution in an
implicit form by means of arbitrary r(x) satisfying (3,
9). Thus, we use the “inverse” method [22–27] to gen-
erate families of special solutions: instead of looking for
functions A(x), r(x), φ(x) for some given potential V (φ),
we may fix any of these functions, for example r(x), and
look for A(x), φ(x) and V (φ). This problem is solved
by quadratures according to (10,11,12); V (φ) is defined
parametrically from V (x) using φ(x).
3In case of r(x) ≡ x we have the Schwarzschild metric,
the scalar field φ ≡ 0 and V ≡ 0.
Further we use asymptotic relations (see [26]) of the
solutions depending on the sign of x0 − 3m. Let the
conditions (3, 9) for r(x) be satisfied. Then [26]
(a) if x0 > 3m, then A(x) > 0, x > x0, A(x) and the
functions (10, 11, 12) have asymptotics as x→ x0:
A(x) ∼ 2(x0 − 3m)3r′(x0) r(x) , V (x) ∼
(x0 − 3m) r′′(x0)
3r′(x0) r2(x)
; (13)
(b) if x0 < 3m, then there exist a point xh > x0 (the
horizon) such that A(xh) = 0 and A(x) > 0 for x > xh.
The case (a) deals with NS. In order to prove (a), one
can estimate the Kretschmann scalar near x0
RαβγδR
αβγδ ∼ 16(x0 − 3m)
2
3[r′(x0)]4(x− x0)6 . (14)
Also, it is easy to show by considering light-like radial
geodesics that the time needed for signals from the center
x = x0 to reach a remote observer is finite.
In case of x0 < 3m, it follows from equation (10)
A(x)→ −∞ as x→ x0+0 whence statement (b) follows;
and r(x) > 0,∀x ≥ 0. There is no any singularities of
φ, r(x), V (x) and the Kretschmann scalar at x = xh. The
Schwarzschild-like singularity at x = xh can be removed
by a coordinate transformation, e.g., (t, x) → (T,X) :
T = t+
∫
dxA−1(1−A)1/2, X = t+∫ dxA−1(1−A)−1/2.
In the new coordinates the 2-dimensional surface x = xh
is light-like; therefore, this is indeed the regular horizon.
III. TEST BODY CIRCULAR ORBITS
In this Section we present general relations to be used
below in numerical estimates. We are interested in time-
like geodesics in the static region, where A > 0, r > 0.
We shall concentrate on the case shown in Fig.1, and
further we use notations according to this figure. Here
X1, X2, X3 represent limiting radii of different regions of
circular orbits. Namely, the radial coordinates x : X3 <
x < ∞ correspond to the outer region of circular orbits,
and x : X1 < x < X2 correspond to the inner region (if
it exists), which is separated off the outer region by a
prohibited area X2 < x < X3, where either there is no
circular orbits or they are unstable.
In case of spherically symmetric space-time metrics (2)
the integrals for the test body geodesic motion in the
equatorial plane are as follows
A(x)
(
dt
dτ
)
= pt, r2(x)
(
dϕ
dτ
)
= L, θ = pi/2,
τ – is the canonical parameter on the time-like geodesics.
These equations together with the normalization integral
yield the equation for the radial variable(
dx
dτ
)2
= p2t − Ueff (x, L), (15)
FIG. 1. Shaded area: regions of stable orbits. White area: no
stable orbits.
where Ueff (x, L) = L2U1(x) + U2(x),
U1(x) =
A(x)
r2(x) , U2(x) = A(x). (16)
Note that using a more general metric representation
(1) leads to the same equation after the corresponding
change of the parameter τ . Equation (15) formally de-
scribes a one-dimensional particle motion in a field with
effective potential Ueff/2. To study the circular orbits
that correspond to the extrema of Ueff we shall need the
function
F (x) = −U ′2/U ′1 .
Making use of (10) we obtain
F (x) = r2(x)
2r3(x)r′(x)
x− 3m
∞∫
x
x′ − 3m
r4(x′) dx
′ − 1
 =
= r2(x)
[
r(x)r′(x)A(x)
x− 3m − 1
]
. (17)
Further we use the relations for the derivatives F ′, F ′′
obtained using (10):
H(x) = F ′(x) = f
′(x)A(x)
2r2(x) − 4r(x)r
′(x) , (18)
F ′′(x) = f
′′(x)A(x)
2r2(x) +
r(x)r′(x)
x− 3m −6r(x)r
′′(x)−14(r′(x))2
(19)
where f(x) ≡ 2r5(x)r′(x)/(x − 3m) and we assume r ∈
C(3).
4At the points of extrema of Ueff we have U ′eff = 0
yieling
L2 = F (x). (20)
If some x = X is a root of equation (20) and F (x) in-
creases near X, then this is a point of a minimum of Ueff
corresponding to radius X of a stable circular orbit with
angular momentum L; if F (x) decreases, this is the ra-
dius of an unstable circular orbit (limiting cycle for the
test body trajectories).
Near the center x → x0 + 0 using r(x) = r′(x0)(x −
x0) +O(x− x0) we have an asymptotic relation
F (x) ∼ −13r
2(x). (21)
For x→∞ using (3) we have
F (x) ∼ mx, H(x) ∼ m. (22)
Owing to (22), there is a (sufficiently large) X3 such that
for x ∈ (X3,∞) function F (x) is monotonically increas-
ing and any x of this interval is a radius of a stable cir-
cular orbit with an appropriate angular momentum L.
If x0 > 2m, then the graph of F (x) crosses the abscissa
axis and tends to infinity as x → ∞; so for any L there
is at least one root of (20). In particular, there is always
a minimum of Ueff for L = 0, which defines a position of
a stationary particle hanging at rest over the singularity.
In case of x0 < 3m using (10) we see that A(x) > 0
for x ≥ 3m, including A(3m) > 0. This means that
the horizon xh < 3m. It follows from (17) that F (x) →
∞, x → 3m + 0. For x ∈ (xh, 3m) we have F (x) < 0
and there is no roots of (20) on this interval. Taking into
account the behavior of F (x) as x → ∞, we see that
there exists at least one minimum of F (x) on (3m,∞).
This can be summarized as follows.
(i) If x0 < 3m (the BH case), then there is no circular
orbits in the region x ∈ (xh, 3m). If for some fixed L
we have a maximum of Ueff defining a radius Xunst of
an unstable circular orbit, then we have a stable circular
orbit with radius Xst < Xunst with the same L, and vice
versa, for a stable orbit there is at least one unstable
counterpart.
The statement (i) is a simple consequence of the fact
that in this case F (x) is monotonically decreasing in the
neighborhood of x = 3m and monotonically increasing
for large x.
For example, in case of the Schwarzschild metric we
have F (x) = x2m/(x−3m); this function has a minimum
Fmin = 12m2 for x = 6m, so there is no solutions of (20)
and minima of Ueff for L2 < 12m2.
(ii) For x0 > 2m (the NS case) for any L there is al-
ways a root x = Xst of equation (20), which corresponds
to a minimum of Ueff and defines a radius of a stable
circular orbit.
In both cases (i) and (ii) there is a solution of (20) for
sufficiently large L and large x.
Previous considerations do not say anything about the
existence of discontinuous regions of circular orbits. Let
us consider when additional minima of Ueff can appear.
This is related to the existence of local maxima of F (x).
(iii) Let Xm be a point of local maximum of F (x),
so that F (x) ≥ 0 is monotonically increasing for x ∈
(X1, Xm) and monotonically decreasing for x < X1 and
x ∈ (Xm, X ′3) for some X ′3 > Xm. Then there exist re-
gions of SCO with radii x ∈ (X1, X2), X2 = Xm, and
x ∈ (X3,∞), X3 ≥ X ′3, these regions being separated by
the domain with radii (X2, X3), where SCO do not exist.
Of course, the point Xm of (iii) may not exist. Suf-
ficient conditions for (iii) can be derived in a standard
way by investigation of F (x) and its derivatives. For
some X = Xm of (iii) to exist, it is sufficient that
F (X) > 0 → r(X)r
′(X)A(X)
X − 3m > 1 , (23)
where A is given by (10),
F ′(X) = H(X) = 0, (24)
where
H = r
2A
X − 3m
[
5(r′)2 + r r′′ − r r
′
X − 3m
]
− 4rr′ ,
(here and in the next equation r,A, f are functions of X)
and
F ′′(X) < 0 , (25)
where on account of (24) we can put F ′′(X) = J(X),
J(X) ≡ 4rr′ f
′′
f ′
+ rr
′
X − 3m − 6rr
′′ − 14(r′)2
and we have assumed that r(x) ∈ C(3).
The sufficient conditions (23, 24, 25) do not define ex-
act boundaries of SCO regions. The limiting radii of such
a region are related to a change of the sign of H(x) =
F ′(x) or to violation of inequality (23). Let (X1, X2) be
a connected SCO region, i.e. any x ∈ (X1, X2) is a solu-
tion of (20) for some L such that x is a minimum of Ueff
and SCO do not exist in a neighborhood of the region
either for x < X1 or for x > X2.
There are two possible types of conditions that will be
used to look for the limiting radii X1, X2. Here (X1, X2)
is the interval of monotony of F (x).
Type I: limiting radii of SCO region are defined by
roots Xr, r = 1, 2 of eq. (24) satisfying (23); X1 is a
point of minimum, X2 is a point of maximum of F (x).
Type II: limiting radius X1 is defined by a root of
F (x). This case corresponds to a minimum of Ueff with
L = 0 (minimum of A(x)), which describes a particle at
rest.
Now suppose that r ≡ r(x, p) depends on parameter p.
Variation of p can change the conditions listed in (iii) at
5some bifurcation point p = p0. There are two main types
of such bifurcations.
Bifurcation I: the local maximum Fmax of F (X) crosses
zero as p changes. The condition for such a bifurcation
to occur is
H(X) = 0, F (X) = 0, J(X) < 0. (26)
The first two equalities of (26) can be used to find the
bifurcation point p0 and X-value.
Bifurcation II: the inequality (23) remains valid, but
the maximum disappears by violating (25), i.e. (neces-
sary condition)
H(X) = 0, J(X) = 0, F (X) > 0. (27)
Examples of this bifurcation when maximum of F (x) ap-
pears/disappears can be seen in Figs. 4, 6.
In a degenerate case one can have H(X) = 0, J(X) =
0, F (X) = 0.
IV. FAMILY OF SPECIAL SOLUTIONS
Looking at conditions (23–25), we see that there is a
functional freedom to fulfill the conditions (iii) by some
choice of the arbitrary function r(x). However, it is im-
portant to have a simple example on this issue that can
be investigated in detail. Having this in mind, we con-
sider a family of special solutions with
r(x) = x
[
1−
(x0
x
)N]
, N > 2. (28)
In case of N = 2 we have the example studied in [26] (see
equation (57) of this paper). The solutions are defined
for all x > x0. We shall see that this family is sufficiently
wide to include situations with discontinuous SCO distri-
butions. Note that for x0 = 0 we have the Schwarzschild
solution. The relations (10, 11, 12) depend on x0 con-
tinuously, and this parameter can be considered as an
indicator of the scalar field effects.
Evidently, for x > x0 we have r > 0, d2r/dx2 < 0 and
the conditions (3, 9) are fulfilled. Integration in equation
(10) for x > x0 yields A(x) in terms of the hypergeomet-
ric function
A(x) =
[
1−
(x0
x
)N]2
G(x, x0, N), (29)
where
G(x, x0, N) ≡ F
[
4, 2
N
, 1 + 2
N
,
(x0
x
)N]
−
−2m
x
F
[
4, 3
N
, 1 + 3
N
,
(x0
x
)N]
.
In view of (11) we have
φ(x) = ±
√
8(N − 1)
N
arcsin
[(x0
x
)N/2]
. (30)
Formulas (12, 29, 30) define potential V (x) parametri-
cally for |φ| < (pi/2)√8(N − 1)/N and correspondingly
x > x0. The potential V (x) is explicitly derived using
the functions A(x), r(x) in (11 ,12), then we get V (φ) by
a substitution of
x = x0
{
sin
(
|φ|
√
N
8(N − 1)
)}−2/N
. (31)
into V (x).
Thus, we get a spherically-symmetric solutions of Ein-
stein’s equations with the scalar field in case of this po-
tential; the solutions are given by (28,29,30).
The scalar field potentials are qualitatively different is
cases of BH and NS. As |φ| → pi√2(1− 1/N), in case of
NS we have V (φ)→ −∞ and in case of BH V (φ)→∞.
In the latter case the graph of the potential is similar to
the "Mexican hat" (Fig. 2). In both cases the potentials
V (φ) are negative in some region (see examples in Fig.
2), so our solutions do not contradict to the no-scalar-hair
theorems [22, 28]). Asymptotic relations for the solutions
at spatial infinity and near the center can be derived
either directly from the formulas of Section II, or from
(30, 31); they are listed in Appendix A. The behavior
at spatial infinity (large x) corresponds to the behavior
of V (φ) near the origin φ = 0. Correspondingly, we get
the scalar field self-interaction potential near φ = 0; it
is asymptotically the same for the NS and BH cases (see
Fig. 2):
V (φ) ∼ (N − 2)N
2(1+1/N)
(N − 1)2/N (N + 2)x20
( |φ|
2
√
2
)2(1+2/N)
. (32)
Thus, we are dealing with massles scalar fields.
The Kretschmann invariant diverges at the center; in
accordance with (a) and (b) of Section II, for x0 > 3m
there is the NS at the center x = x0; and for x0 < 3m
we have BH with a horizon at some x = xh > x0.
V. SCO DISTRIBUTION IN CASE OF (28)
For numerical estimates it is convenient to choose fur-
ther the units of length so as to have C = 6m = 1. Using
(23, 24,25) one can look for parameters x0 > 0, N > 1
leading to discontinuities in the SCO distribution. After
determination of roots Xr of H(x) and F (x) for fixed
x0, N , we determine limiting values of angular momen-
tum Llim according to (20) when minima of Ueff begin
to appear/disappear. In this problem both type I (roots
of H(x)) and type II (roots of F (x)) of limiting SCO can
be present.
Further we present results of the numerical investiga-
tion; they look different for BH (x0 < 0.5) and NS (x0 ≥
0.5). The dependences of boundary radii Xr, r = 1, 2, 3
upon N for some fixed values of x0 are illustrated in Figs.
3, 5. Fig. 7 represents the dependence xk(x0) for some
fixed values of N .
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FIG. 2. Upper panel: scalar field potentials in cases of BH
(x0 = 0.45 : N = 4 – solid, N = 5 – dashed) and NS
(x0 = 0.55 : N = 4 – dotted, N = 5 – dash-dot). Smaller
panel shows details of the graphs near the origin φ = 0. which
cannot be seen on the scale of the large panel. We note that
the potential graph of the intermediate case x0 = 0.5 (not
shown here) is completely similar to the case of x0 > 0.5.
Lower panel: the same potentials V (x) ≡ V (φ(x)) as func-
tions of x. Smaller panel at the right corner shows details of
the graphs for large x.
(i) In case of BH Ueff (xh, L) = 0 and function
Ueff (x, L) is increasing as a function of x in some neigh-
borhood of xh. The type of monotony for larger x > xh
(and the occurrence of double minima of Ueff ) depends
on L, x0, N . The curves in this case are represented as
the roots Xr of H(x).
For sufficiently small x0 (small scalar field effects)
a typical situation is represented by the dotted curve
X1(N) of Fig. 3. Here the dependence X1(N) single-
valued, that is for every N there is the only root X(N)
that defines a lower boundary of SCO radii and a corre-
sponding value of the limiting angular momentum Llim =√
F (X(N)). In this case there is the only connected re-
gion of SCO, different SCO having different angular mo-
menta. This region contains non-relativistic SCO with
large x and correspondingly large L.
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FIG. 3. The BH case, limiting SCO radii Xr(N) (type I)
for three values of x0. The dotted curve shows the single-
valued dependence X1(N) for x0 = 0.25. The case of x0 =
0.40 (dashed) is critical: for larger x0 we have three roots
of equation (24). Correspondingly, the case of x0 = 0.45
(solid) represents three-valued function Xr(N) between N1 =
4.3 and N2 = 6.1: the branch between points "a" and "b"
represents X1(N), between "b" and "c" – X2(N) and between
"c" and "d" – X3(N) (notations according to Fig. 1); there is
no SCO radii between X2(N) and X3(N). The latter branch
extends to infinity for N > N2. The points c(N1) and b(N2)
represent the bifurcation II points.
For larger x0 the dependence Xr(N) becomes many-
valued between some N1, N2. A typical picture is rep-
resented by the solid curve of Fig.3; "c" and "b" repre-
sent bifurcation II points. The lower section of the curve
x = X1(N) is defined for N < N2. For N1 < N < N2
there are three branches: X1(N) < X2(N) < X3(N)
that are connected at points "b" and "c". For any fixed
N ∈ (N1, N2) these dependencies define two intervals
of the SCO radii: (X1, X2) , (X3,∞); the intermediate
region (X2, X3) is being prohibited (see Fig. 1). For
N > N2 there is again only one root X3(N) of H(x).
(ii) In case of NS there also can be disconnected regions
of the SCO. Typical dependences Xr(N) in the NS case
are presented in Fig. 5. We see that for all x0 > 3m there
exists N1 such that for N < N1 there is the only branch
of the type II limiting radii that extends to infinity. For
N > N1 additional two branchesX2 andX3 appear (type
I limiting SCO, roots of H(x)). The prohibited region
occupies the space between X2 and X3 that exist not for
all parameters of the family.
The dependences Xr(x0) plotted in Fig. 7 represent
two qualitatively different cases. For large N there al-
ways exists an upper branch X3(x0) for all x0. The
continuous lower curve always consists of two parts con-
nected at the point x0 = 0.5 with a break. For N < 4.87
this curve is broken into two parts; the smaller N , the
farther away is the right upper branch of the curve in
the region of large x0. In the same way as in Fig. 5, the
lower curve in Fig. 7 to the right of the break point also
represents type II, not not type I. The other curves in
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FIG. 4. The BH case, examples of F (x) with different
N, x0 = 0.45. The main figure shows F (x) for x > 3m
and smaller graphs in the right lower corner show this func-
tion for x0 < x < 3m, where there is no solutions of (20).
Dashed lines correspond to bifurcation II points c(N1) and
b(N2) in the previous figure, when the maximum of F (x) ap-
pears/disappears; solid line – to N ∈ (N1, N2) when there
exists the local maximum, dotted lines – to N < N1 and
N > N2.
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FIG. 5. The NS case, dependencies Xr(N), r = 1, 2, 3 for
x0 = 0.6 (solid), x0 = 0.88 (dashed): x0 = 1 (dotted). The
lower curves X1(N) represent type II limiting SCO radii. Two
upper curves X2(N), X3(N), N > N1 represent type I limit-
ing SCO radii; these curves are connected at bifurcation II
points. E.g., for x0 = 0.6, to the right of the line "ab" (with
abscissa N1 = 4.845) we have configurations with discontinu-
ous distribution of SCO; and there is no SCO radii between
X2(N) and X3(N).
this figure are obtained as the roots Xr of H(x) (type I).
VI. SOME GENERALIZATIONS
The relations (23–25) are local conditions on functions
r(x), r′(x), r′′(x), r′′′(x) and A(x); the latter continuously
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FIG. 6. The NS case. examples of F (x) with different N, x0 =
0.6; the smaller graphs in the right lower corner show this
function in the neighborhood of x0. Dashed line corresponds
to the bifurcation II point "b" in the previous figure (N1 =
4.845), when the maximum of F (x) appears/disappears; solid
– to some N > N1 when there exists the local maximum,
dotted – for N < N1 (no maxima).
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FIG. 7. Xr(N) as a function of x0 for different N in the
neigborhood of critical value Nc = 4.87, when continuous line
(N < Nc) breaks into non-connected branches. The lower
sections of the curves for x0 > 0.5 (the NS case), which al-
most have merged together, represent the type II limiting
SCO radii. The other sections of the curves correspond to
the type I limiting SCO.
depends on r(y) for y ∈ [x,∞). Let
r(x) = x [1− ε(x)] . (33)
It is easy to see that small variations of ε(x) and its
derivatives do not change the topological structure of
SCO distribution. Therefore, we may construct infinity
of examples leading to a discontinuous structure simi-
lar to that described in Fig. 1 using these variations.
A simple outcome is, in particular, can be formulated
8as follows. Let C = 6m is fixed, ε ∈ C(3), ||ε|| =
sup{|ε(x)|+x|ε′(x)|+x2|ε′′(x)|+x3|ε′′′(x)|, x ∈ [x0,∞)}.
There exists a sufficiently small value ε0 > 0, such that
if ||ε|| < ε0, then there are no discontinuities in the
SCO distribution. This statement follows from inequality
F ′′(x) > 0 (which contradicts to 25) in the neighbour-
hood of minimum of F (x) for small variations near the
Schwarzschild metric (see Section III).
Now we consider a modification of (28) assuming
ε(x) =
(x0
x
)N
e−µ(x−x0). (34)
The main interest to (34) is due to asymptotic behav-
ior for small φ, which is different from that of (32) in
case of (28). This modification generates the scalar field
potential with asymptotic behavior
V (φ) ∼ µ
2
8 φ
2 (35)
for small φ (and any fixed N), corresponding to the
scalaron mass µ/2; this follows from asymptotic relations
at spatial infinity (Appendix B). Apart this property, the
graphs and qualitative behavior of V (φ) both in the BH
and NS cases are similar to those of Section IV. Here we
present examples of the dependencies Xr(µ) (Figs. 8, 9).
These figures also are qualitatively similar to upper pan-
els of Figs. 3, 5. For a numerical example (Figs. 8, 9)
below we have chosen N = 1 +mµ in order to compare
with some of the results of [29].
In the BH case, for sufficiently small x0 there is the
only connected region of possible SCO and we have a
single-valued dependence Xr(µ) that defines innermost
SCO. For larger x0 there arise two bifurcation II points
such that the dependence Xr(µ) becomes many-valued
between some µ1, µ2 (see solid line in Fig. 8, and the
region between perpendiculars "ac" and "bd" to the ab-
scissa axis). For µ > µ2 there is again the only connected
region of possible SCO.
In case of NS for fixed x0 > 0 (whatever small) there
exists µ1 > 0, such that for µ > µ1 the disconnected
regions of the SCO arise (see a region to the right of
"ab" and solid line in Fig. 9). Typical dependences
Xr(µ) in the NS case are presented in Fig. 9. The lower
branch represents the type II limiting radii. The other
two branches for µ > µ1 represent the type I ones.
The similarity of Xr(N) and Xr(µ) for (28) and (34)
correspondingly suggests that occurrence of discontinu-
ous SCO distribution is related to how fast the field φ(x)
and the potential V (φ(x)) decrease as x increases. The
rate of the decrease is obviously depends on the rate of
decrease of ε(x), which is defined by parameters N and
µ. This property looks different in cases of NS and BH:
in the former case, the non-connected SCO distributions
exist for all N and/or µ up to infinite values. In case of
BH the corresponding interval of N and/or µ is limited.
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FIG. 8. Limiting SCO radii Xr(µ) for three values of x0 in the
BH case of the generating function (33). The dashed curve
shows X1(µ) for x0 = 0.25, which defines radii of the inner-
most SCO X1(µ). The case of x0 = 0.45 (solid) represents
a three-valued function between µ1 ≈ 3.6 and µ2 ≈ 8.5: the
branch between points "a" and "b" represents X1(µ), between
"b" and "c" –X2(µ) and between "c" and "d" –X3(µ) according
to Fig. III. The case of x0 = 0.42 (dotted line) is intermediate,
it shows how the curves transform as x0 changes.
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FIG. 9. The case of NS of the generating function (33): de-
pendencies Xr(µ) for x0 = 0.6 (solid), x0 = 0.88 (dashed):
x0 = 1 (dotted). For fixed x0 and µ > µ1 (to the right of
line "ab") there exists the region of SCO with radii in the in-
terval (X1(µ), X2(µ)) and (X3(µ),∞. The curves X2, X3 and
X1(µ) represent correspondingly type I and type II limiting
SCO radii; "b" is the bifurcation II point.
VII. DISCUSSION
We presented special solutions of the joint system of
Einstein equations and massless scalar field equations
with various nonzero self-interaction potentials. The so-
9lutions describe isolated static spherically symmetric con-
figurations with an asymptotically flat space-time and
a positive total mass. These solutions deal with either
NS in the center of the configuration, or with BH. The
family includes the Schwarzschild metric as limiting case
x0 = 0; the smaller x0, the closer the solutions to the
Schwarzschild case. In the BH case, the scalar field po-
tential V (φ) is bounded from below; and the potentials
are infinitely negative near NS.
The main outcome of this paper is that separated (dis-
connected) ring-like structures of stable circular orbits
can indeed emerge for some family parameters, no mat-
ter BH or NS case, massless or massive case. Note that
such a feature in case of the massless linear scalar field
was first revealed in [10] dealing with NS at the cen-
ter. Our considerations show that similar structures can
emerge also in BH cases. We remind that the well-known
BH-no-hair theorem [28] does not prohibit the BH case, if
the scalar field potential is not positively definite; this is
just the case of our solutions. It is also important to note
(see Figs. 5, 9) that occurrence of NS does not necessar-
ily imply the existence of the discontinuous structures.
As to more fine effects due to the form of the scalar field
potential, the situation looks rather complicated. There
are some considerations concerning the rate of decrease
of V (x) (see Section VI), but they rely upon the concrete
form of r(x).
Evidently, our results dealing with a special family so-
lutions do not describe the most general situation with
the scalar field. Moreover, our solutions show that for
some family parameters the discontinuous distribution
of SCO exists and for the other (in particular, when the
parameter x0 is sufficiently small) – it does not exist.
Nevertheless, the results suggest that the existence of
separated annular regions in accretion disks around rela-
tivistic objects can be a fairly common phenomenon that
may indicate some deviations from standard models.
This effect can be tested by means of the fluorescent
iron lines (especially, Fe Kα) in the X-ray spectra radi-
ated by accretion disks around compact objects [19–21].
The appearance of the separated ring-like structures in
astrophysical objects could be detected by unusual defor-
mations of these lines. Of course, the scalar field effects,
if they exist, will be obscured by less exotic ones, e.g., due
to accretion disk warps in AGNs, inhomogeneous distri-
butions of matter in the disks, reflection of X-rays from
dust tori, and possible existence of BH companions (see,
e.g., [30, 31]). This will complicate the comparison of
effects associated with different kinds of exotic objects
[32].
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Appendix A: Asymptotic relations: massless case
Asymptotic relations at the spatial infinity are as fol-
lows
A(x) = 1− 2m
x
+2(2−N)
N + 2
(x0
x
)N [
1 +O
(
1
x
)]
, (A1)
V (x) = N(N − 1)(N − 2)
N + 2
xN0
xN+2
[
1 +O
(
1
x
)]
. (A2)
These relations can be used to obtain formula (32).
Using (10) and (28) we have in the neighborhood of x0
the metric coefficient
A(x) ∼ 2(x0 − 3m)3N2(x− x0) (A3)
and the potential
V (x) ∼ − (N − 1)(x0 − 3m)3N2x0(x− x0)2 . (A4)
Appendix B: Massive scalar field
Here we present asymptotic relations in case of (33).
At spatial infinity we have
A(x) = 1− 2m
x
−
− 2ε
[
1− 2mµ+ 4
µx
+O
(
1
x2
)]
+O
(
ε2
)
, (B1)
where ε = ε(x) is given by (34),
φ(x) = ±2
√
2ε
[
1− 1
µx
+O
(
1
x2
)]
+O
(
ε3/2
)
, (B2)
V (x) = µ2ε
[
1 + 2N − 2mµ− 6
µx
+O
(
1
x2
)]
+O
(
ε2
)
,
(B3)
Behavior near the center:
A(x) ∼ 2(x0 − 3m)3(N + µx0)2(x− x0) , (B4)
V (x) ∼ − (x0 − 3m)((µx0)
2 + (N − 1)(N + 2µx0))
3x0(x− x0)2(N + µx0)3 .
(B5)
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